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Abstract. We summarize the most significant aspects in the study of transverse spin phenomena over the
last few decades, focusing on Semi-Inclusive Deep Inelastic Scattering processes and hadronic production
in e+e− annihilations. The phenomenology of transverse momentum dependent distribution and fragmen-
tation functions will be reviewed in an in-depth analysis of the most recent developments and of the future
perspectives.
PACS. 13.88.+e Polarization in interactions and scattering – 13.60.-r Inclusive production with identified
hadrons – 13.85.Ni Photon and charged-lepton interactions with hadrons
1 Past
The importance of the transverse motion of partons bound
inside the nucleon and the corresponding azimuthal effects
were first pointed out in the 70’s by Feynman, Field and
Fox [1,2], who realized that the origin of transverse mo-
mentum in Drell-Yan processes could be either due to non
zero intrinsic momentum of partons confined in the nu-
cleon (non-perturbative effect) or to the recoil of gluons
radiated off active quarks (perturbative effect). Their pa-
pers are the precursors of the Generalized Parton Model
(GPM), which is a straightforward generalization of the
parton model by inclusion of the transverse quark motion.
Azimuthal asymmetries in unpolarized reactions, such
as Drell-Yan production and Semi-Inclusive Deep Inelas-
tic Scattering (SIDIS), play an important role in testing
the perturbative and non-perturbative aspects of strong
interactions, as it was recognized in the early work by
Georgi and Politzer [3], Mendez [4], and Kane, Pumplin,
and Repko [5]. It was Robert Cahn [6,7] who first pointed
out that cosφ asymmetries in SIDIS can easily be gener-
ated by intrinsic quark motion: the associated azimuthal
modulation is called the “Cahn effect”.
The related QCD evolution of the cross-sections was
studied in the 80’s, in the pioneering work by Collins-
Soper-Sterman (CSS) [8,9]. It was realized that both non-
perturbative and perturbative parts should be combined
in order to achieve a reliable theoretical description of the
corresponding experimental measurements. Yet, it took
several decades to develop the appropriate QCD formal-
ism [10] to describe transverse momentum dependent dis-
tribution and fragmentation functions (collectively called
TMDs).
Simultaneously, an idea of multi-parton quantum me-
chanical correlations, or the Efremov-Teryaev-Qiu-Ster-
man matrix elements [11,12,13,14], was born. These cor-
relations are suppressed in the leading term contribution
to the unpolarized cross-sections, but can be dominant
in spin asymmetries; they are important in the so-called
“twist-3” approach to factorization. It was later realized
that TMD and twist-3 approaches are intimately related [15].
In the 90’s two very important correlations of trans-
verse motion and spin were proposed by Sivers [16,17] and
Collins [18]. In order to describe the large (left-right) single
spin asymmetries (SSAs) in pion production off hadron-
hadron scattering, Sivers suggested that they could origi-
nate, at leading twist, from the intrinsic motion of quarks
in the colliding hadrons generating an inner asymmetry
of unpolarised quarks in a transversely polarized hadron,
the so-called Sivers effect. He proposed a new Transverse
Momentum Dependent (TMD) distribution function, now
commonly called the “Sivers function”, which represents
the number density of unpolarized partons inside a trans-
versely polarized nucleon. This mechanism was criticized
at first as it seemed to violate time-reversal invariance [18],
however Brodsky, Hwang and Schmidt proved by an ex-
plicit calculation that initial-state interactions in Drell-
Yan processes [19] and final-state interactions in SIDIS
[20], arising from gluon exchange between the struck quark
and the nucleon remnants, can generate a non-zero Sivers
asymmetry. The situation was further clarified by Collins
[21] who pointed out that, taking correctly into account
the gauge links in the TMD distributions, time-reversal
invariance does not imply a vanishing Sivers function, but
rather a sign difference between the Sivers distribution
measured in SIDIS and the same distribution measured
in DY. This sign difference is one of the main goals of
the next generation of DY measurements, soon to start
at the COMPASS-II experiment at CERN [22], at RHIC
(BNL) [23] and at Fermilab [24].
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In a different approach, Collins proposed a mechanism
based on a spin asymmetry in the fragmentation of trans-
versely polarized quarks into a spinless hadron [18], which
involved a transverse-momentum dependent (TMD) frag-
mentation function, called the “Collins function”, which
generates a typical azimuthal correlation, later denoted as
the “Collins effect”.
At the same time, and over the following years, the
Torino-Cagliari group of Anselmino et al. proposed the
first, pioneering phenomenological studies of asymmetries
in hadron-hadron scattering [25,26,27,28]. In principle many
different azimuthal correlations can contribute to the large
single spin asymmetries measured in inclusive hadro-pro-
duction from proton-proton scattering [29,30]: at first it
was believed that the Sivers asymmetry would be largely
dominant compared to the Collins effect [31], but later
it turned out that this was not necessarily the case. Un-
fortunately, only one azimuthal angle is observed in the
reaction, and this information is not sufficient to allow for
the separation of the two effects. The situation might be
clarified by a combined data analysis of the Sivers and
Collins effects in polarized proton-proton scattering and
in SIDIS, under the assumption that factorization holds
also for hadronic processes, as proposed in Ref. [32]. A
phenomenological overview and the experimental state-of-
the-art of polarized proton-proton scattering processes is
reviewed in the contribution of E. Aschenauer, U. D’Alesio
and F. Murgia to this Special Issue.
The idea of correlations and the corresponding trans-
verse momentum dependent functions (TMDs) describing
the nucleon structure came to its full fruition in 1995,
when Kotzinian first [33] and later Mulders and Tanger-
man [34,35] developed a full theoretical description of
Drell-Yan and Semi Inclusive Deep Inelastic Scattering
cross sections in terms of TMDs. The three well known
collinear distribution functions unfold, at leading order in
1/Q, into eight independent TMDs: the Sivers function is
among them, together with the unpolarized and the he-
licity distribution functions and two manifestations of the
transversity function, h1 and h
⊥
1T (the so called “pretze-
losity”), related to the density number of transversely po-
larized partons inside a transversely polarized nucleon. In
addition, we find the Boer-Mulders function, h⊥1 , related
to the density number of transversely polarized partons
inside an unpolarized nucleon, and two “mixed” functions
(later denominated “warm gear” functions) describing the
distribution of transversely polarized partons inside longi-
tudinally polarized nucleons, and vice-versa. The picture
is simpler for the fragmentation TMDs where, consider-
ing only spinless hadrons, only two functions appear: the
unpolarized and the Collins TMD FFs.
The phenomenological extraction of the Sivers and Boer-
Mulders distribution functions, of transversity and the
Collins function and of pretzelosity will be addressed in
Sect. 2, together with a brief overview on the most recent
extractions of unpolarized TMD PDFs and FFs.
It was only at the beginning of the 21st century, when
the new-generation dedicated SIDIS measurements were
performed by the HERMES [36] and COMPASS [37] Col-
laborations, that the framework of TMDs could reliably
be experimentally tested for the first time. In particular,
the first data collected by the HERMES Collaboration
using a transversely polarized proton target, showed clear
evidence of a non zero transverse SSAs. One of the main
advantages of SIDIS is that the Collins and Sivers effects,
as well as the other TMD effects, can easily be separated
by appropriately weighting the SIDIS cross section: this
generates different azimuthal asymmetries, which can be
studied one by one. Contrary to what happens in hadro-
production, where all TMD effects occur and mix together
in the same observable, in SIDIS each of them can be sepa-
rated and extracted analyzing the same experimental cross
section.
Much progress was achieved in the understanding of
the 3D nucleon structure by successive data takings, fol-
lowed by more and more refined analyses of SIDIS mea-
surements [38,39]. The front end of 3D studies is presently
being reached with the new multidimensional analyses and
phenomenological studies of SIDIS multiplicities [40,41,
42,43], azimuthal modulations [44,39,45] and new, pio-
neering multidimensional measurements of the Sivers and
Collins single spin asymmetries [46].
Correlations between the spin of partons and the had-
ronic transverse momentum, can also be detected by mea-
suring the azimuthal asymmetries generated in e+e− anni-
hilations, when two final hadrons are produced in two (al-
most) opposite jets. In the process e+e− → q¯q the trans-
verse polarizations of the q¯q pair are correlated, thus the
Collins effect is expected to cause correlated azimuthal
modulations of the hadrons into which the q and the q¯
fragment. In 2006 the Belle Collaboration provided high-
precision measurements [47] of such modulations which
allowed, shortly after, the first combined extraction of the
Collins function and of the transversity distribution [48,
49], which was refined over the years with the successive
re-analyses of the Belle data [50,51] and with the addition
of higher statistics measurements of the BaBar Collabora-
tion [52], in the works of several groups [53,54,55,56]. A
similar procedure for the extraction of the transversity dis-
tribution, which combines SIDIS and e+e− data replacing
the Collins functions with di-hadron fragmentation func-
tions, has been adopted in Refs. [57,58,59].
From a more formal point of view, TMDs have recently
received a renewed burst of interest concerning their Q2
dependence: the Collins-Soper-Sterman (CCS) resumma-
tion scheme, originally devised to describe the Drell-Yan
(DY) cross section over its full qT range, was revisited
by Collins in his book [10] and by Rogers and Aybat in
Ref. [60], and extended to the fully non-collinear case:
evolution equations were then formulated for unpolarized
TMD distribution and fragmentation functions. Further
studies involving the TMD evolution of the Sivers and
Collins functions where performed in the following years
by several groups, see for example Refs. [61,62,63,54,55].
For a complete review of TMD factorization and evolu-
tion properties, and an exhaustive list of references, we
refer the reader to the contribution of T.C. Rogers in this
Special Issue.
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2 Present
In this Section we will present some of the most recent
phenomenological extractions of TMD distribution and
fragmentation functions. As anticipated in Sect. 1, we will
focus on the Sivers and the Collins functions, which are
at present the most well known from a variety of differ-
ent experimental measurements, followed by transversity
(which at present can only be extracted from SIDIS data,
in association with a chirally odd fragmentation function),
and the Boer-Mulders and pretzelosity functions. First of
all, however, it is important to start with the extraction
of the unpolarized TMDs, which one has to rely on for the
computation of (the denominator of) any azimuthal spin
asymmetry.
2.1 Unpolarized TMD distribution and fragmentation
functions
The fundamental role of TMDs is already evident in un-
polarized cross sections, simply by looking at the trans-
verse momentum distribution of the final hadron or, at
order 1/Q, at the azimuthal dependence of the hadron
around the proton direction, see Fig. 1. In Ref. [64] a first
investigation of SIDIS unpolarised cross sections was per-
formed, mainly based on the EMC Collaboration experi-
mental data [65,66], gathered from SIDIS experiments at
different energies and different targets. This analysis was
updated last year [43], by the inclusion of the newest, mul-
tidimensional data on the SIDIS multiplicities measured
by the HERMES [40] and COMPASS [41] Collaborations.
Let’s consider the unpolarized SIDIS process l(`) +
N(P ) → l′(`′) + h(Ph) + X(PX) , in the γ∗-N center-of-
mass frame, with the virtual photon moving in the positive
z direction, as in Fig. 1. We denote by P T the transverse
momentum of the produced hadron. The azimuthal an-
gle of this hadron φh is referred to the lepton scattering
plane formed by l and l′. The unpolarized differential cross
section of SIDIS is then
d5σ
dxBdydzhdP 2T dφh
=
σ0sy
2
{
FUU +
+
2(2− y)√1− y
(1 + (1− y)2 F
cosφ
UU cosφh
+
2(1− y)
(1 + (1− y)2F
cos(2φh)
UU cos(2φh)
}
,
(1)
where σ0 =
2piα2em
Q2
1+(1−y)2
y , and one uses the following
standard variables
xB =
Q2
2P · q , y =
P · q
P · l , zh =
P ·Ph
P · q , (2)
where α is the fine structure constant, while Q2 = −q2 =
−(l − l′)2 is the virtuality of the exchanged photon. The
structure functions FUU , F
cosφ
UU , F
cos 2φ
UU depend on xB , zh,
Q2, and P 2T . FUU is the unpolarized structure function
  
φh
P
h
ℓ
ℓ'
γ*
Lepton plane
Hadron production plane
P
T
P z
x
Fig. 1. Kinematical configuration and conventions for SIDIS
processes.
which survives upon integration over φh, over which we
are going to concentrate now, while F cosφhUU and F
cos 2φh
UU
are associated to the cosφh and cos 2φh modulations, re-
spectively, which will be discussed in Sect. 2.4.
If k is the momentum of the quark inside the proton,
and k⊥ its transverse component with respect to the γ∗N
axis, in the kinematical region where PT ∼ k⊥  Q, the
transverse-momentum-dependent (TMD) factorization is
known to hold. In this case the structure functions can be
expressed in terms of TMD distribution and fragmenta-
tion functions, which depend on the light-cone momentum
fractions x ' xB and z ' zh.
Introducing the transverse momentum p⊥ of the final
hadron with respect to the direction of the fragmenting
quark, to order O(k⊥/Q), one has
P T = zk⊥ + p⊥. (3)
In the TMD factorization scheme the structure func-
tion FUU is given by
FUU = x
∑
q
e2q
∫
d2k⊥ d2p⊥ δ
(2)
(
zk⊥ + p⊥ − P T
)×
×fq/p(x, k2⊥)Dh/q(z, p2⊥)
= x
∑
q
e2q
∫
d2k⊥ fq/p(x, k2⊥)Dh/q(z, (P T − zk⊥)2),
(4)
where fq/p(x, k
2
⊥) and Dh/q(z, p
2
⊥) are the unpolarized
TMD distribution and fragmentation function, respecti-
vely, for the flavor q (the sum is intended to be both over
quarks and antiquarks). At this stage, the Q2 dependence
of all functions is omitted for simplicity.
In most phenomenological models, the x(z) and k⊥(p⊥)
dependences are factorized and the k⊥ and p⊥ depen-
dences are assumed to be Gaussian, with one free param-
eter which fixes the Gaussian width,
fq/p(x, k⊥) = fq/p(x)
e−k
2
⊥/〈k2⊥〉
pi〈k2⊥〉
(5)
Dh/q(z, p⊥) = Dh/q(z)
e−p
2
⊥/〈p2⊥〉
pi〈p2⊥〉
· (6)
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Fig. 2. The multiplicities Mpi
+
p obtained from Eqs. (11) and
(8), with the parameters of Eq. (12), are compared with HER-
MES measurements for pi+ SIDIS production off a proton tar-
get [40]. The shaded uncertainty bands correspond to a 5%
variation of the total χ2. Plot from Ref. [43].
The integrated PDFs, fq/p(x) and Dh/q(z), can be taken
from the available fits of the world data. In general, the
widths of the Gaussians could depend on x or z and might
be different for different distributions. Ref. [43] assumes
flavour independence and one obtains
FUU = x
∑
q
e2q fq/p(xB )Dh/q(zh)
e−P
2
T /〈P 2T 〉
pi〈P 2T 〉
(7)
where
〈P 2T 〉 = 〈p2⊥〉+ z2h 〈k2⊥〉 . (8)
The constant Gaussian parameterization, supported by a
number of experimental evidences [67] as well as by dedi-
cated lattice simulations [68], has the advantage that the
intrinsic transverse momentum dependence of the cross
section can be integrated out analytically. The differen-
tial hadron multiplicity (according to the HERMES [40]
definition) is
Mhn (xB , Q
2, zh, PT )≡ 1
d2σDIS(x
B
, Q2)
dx
B
dQ2
d4σ(x
B
,Q2,zh, PT )
dx
B
dQ2dzhdPT
·
(9)
where the index n denotes the kind of target.
The Deep Inelastic Scattering (DIS) cross section has
the usual leading order collinear expression,
d2σDIS(x
B
, Q2)
dx
B
dQ2
= y σ0
∑
q
e2q fq/p(xB ) · (10)
Then, multiplicities are simply given by
d2nh(x
B
, Q2, zh, PT )
dzh dP 2T
=
1
2PT
Mhn (xB , Q
2, zh, PT )
=
pi
∑
q e
2
q fq/p(xB )Dh/q(zh)∑
q e
2
q fq/p(xB )
e−P
2
T /〈P 2T 〉
pi〈P 2T 〉
, (11)
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Fig. 3. The multiplicities Mpi
−
p obtained from Eqs. (11) and
(8), with the parameters of Eq. (12), are compared with HER-
MES measurements for pi− SIDIS production off a proton tar-
get [40]. The shaded uncertainty bands correspond to a 5%
variation of the total χ2. Plot from Ref. [43].
with 〈P 2T 〉 given in Eq. (8). Notice that, by integrating the
above equation over P T , with its magnitude ranging from
zero to infinity, one recovers the ratio of the usual leading
order cross sections in terms of collinear PDFs and FFs.
Its agreement with experimental data has been discussed,
for instance, in Refs. [40] and [42].
In Fig. 2 we show, as an example, the comparison be-
tween the HERMES measurements of the multiplicities
for pi+ SIDIS production off a proton target [40] and those
obtained in Ref. [43] by best fitting the HERMES multi-
dimensional data using the expressions of Eqs. (11) and
(8). Notice that this fit, which is performed over a sample
of about 500 experimental points, relies on two free pa-
rameters only: the two Gaussian widths of the k⊥ and p⊥
distributions of the unpolarized PDF and FF TMDs. The
normalization is not fixed by adding extra-parameters, as
it was done in other analyses like, for instance, Ref. [69].
This simple TMD Gaussian parameterization, with con-
stant and flavour independent widths, delivers a very satis-
factory description of the HERMES data points over large
ranges of x, z, PT and Q
2: the extracted reference values,
corresponding to a total χ2dof = of 1.69, are
〈k2⊥〉 = 0.57± 0.08 GeV2
〈p2⊥〉 = 0.12± 0.01 GeV2 . (12)
These values are obtained by selecting 497 data points cor-
responding to the following requirements:Q2 > 1.69 GeV2,
0.2 < PT < 0.9 GeV and z < 0.6. By relaxing the cuts on
z in such a way to include one more bin, z < 0.7, which
increases the number of fitted data points to 576, the qual-
ity of the fits deteriorates considerably, giving χ2dof = 2.62,
and the extracted Gaussian widths recover values closer
to those obtained in previous analyses, like [64] 〈k2⊥〉 =
0.46± 0.09 GeV2 and 〈p2⊥〉 = 0.13± 0.01 GeV2.
HERMES multiplicities do not show any significant
sensitivity to additional free parameters: the fits do not
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Fig. 4. Distribution of the values of the ratios
〈P 2⊥,unf〉/〈P 2⊥,fav〉 vs. 〈P 2⊥,uK〉/〈P 2⊥,fav〉. The white squared box
indicates the center of the 68% confidence interval for each
ratio. The shaded area represents the two-dimensional 68%
confidence region around the white box. The dashed lines cor-
respond to the ratios being unity; their crossing point corre-
sponds to the result with no flavor dependence. For all points,
P 2⊥,fav < P
2
⊥,unfav ∼ P 2⊥,uK . Plot from Ref. [42].
improve by introducing a z-dependence in the Gaussian
widths of the TMD-FFs or by allowing a flavour depen-
dence in the Gaussian widths of the TMD-PDFs. We only
find a slight improvement in χ2 by using different (con-
stant) Gaussian widths in the TMD-FFs; the disfavoured
fragmentation functions show a preference for a width
slightly wider than that of the favoured fragmentation
functions. These results are in agreement with a similar
study, performed by Signori et al. in Ref. [42], in which
more elaborate input parameterizations were used to mo-
del the PDF and FF TMDs (〈k2⊥〉(〈p2⊥〉) were assigned a
particular x(z) and flavour dependence). However, on the
basis of a study performed by fitting 200 replicas of the
original data points, the authors claim the evidence of a
much stronger flavour dependence of the Gaussian p⊥ dis-
tributions in the fragmentation functions, see Fig. 4.
It is important to observe that in the SIDIS multiplic-
ities, the two free parameters 〈k2⊥〉 and 〈p2⊥〉 are strongly
(anti)correlated, as they appear in the combination 〈P 2T 〉 =
z2h〈k2⊥〉 + 〈p2⊥〉, see Eq. (7) and (11). Consequently, they
can only be uniquely determined by fitting simultaneously
two or more different observables. An attempt in this di-
rection has been made by V. Barone et al. in Ref. [45], as
we will discuss in Sect. 2.4.
As anticipated above, the COMPASS collaboration has
also provided their measurements of SIDIS multiplicities,
in multidimensional bins of definite Q2 and x
B
values,
each for several values of zh and PT , with much higher
statistics compared to the HERMES experiment. Fitting
COMPASS data, however, turns out to be more difficult:
while the Gaussian shape of the PT dependence is quali-
tatively well reproduced, there are some unresolved issues
with their relative overall normalisation, possibly related
to a mistreatment of radiative corrections. The COMPASS
fit of Ref. [43], performed by applying an “ad hoc”, y-
dependent correction of the bin normalization, returns a
〈p2⊥〉 TMD-FF Gaussian width slightly larger than that
extracted from the HERMES multiplicities, while it de-
livers similar 〈k2⊥〉 values. Notice that this analysis has
been performed on the 2004 run data, when the COM-
PASS detector was not yet completely set up and no RICH
was installed for final hadron separation. Future analyses
of more recent COMPASS data with hadron identification
and a proper treatment of the radiative corrections should
help to clarify the situation.
The study of the Q2 dependence of SIDIS multiplicities
deserves a dedicated discussion.
In the analysis of Ref. [42] no scale dependence was
taken into account, while in Ref. [43], with the phenomeno-
logical parameterization of Eqs. (5) and (6), the only de-
pendence on Q2 was included in the collinear part of the
TMD, i.e. in the collinear PDF or FF factor. The width
of the Gaussian, which gives the k⊥ (p⊥) dependence of
the TMDs, did not include any scale dependence. However
Anselmino et al. tried, in Ref. [43] an alternative parame-
terizations, to allow for a Q2 and/or x-dependence of the
Gaussian widths. As the SIDIS cross section is not sensi-
tive to the individual contributions of 〈k2⊥〉 and 〈p2⊥〉, but
only to their linear combination, 〈P 2T 〉, see Eqs. (7) and
(8), a simplified form can be considered:
〈P 2T 〉 = g′1 + z2[g1 + g2 ln(Q2/Q20) + g3 ln(10 e x)] . (13)
For the HERMES data they did not find any significant
x or Q2 dependence in the transverse momentum spec-
tra, confirming the good agreement of the measured mul-
tiplicities with the most simple version of the Gaussian
model. For the COMPASS data, instead, some improve-
ment in the quality of the fit can actually be obtained.
However, due to the unresolved normalization issues dis-
cussed above, it is difficult to give any clear interpretation
of this sensitivity and to draw, at this stage, any definite
conclusion.
Indeed, it is quite possible that the span in Q2 of the
available SIDIS data is not yet large enough to perform a
safe analysis of TMD evolution based only on these data.
Another important issue is that, always considering the
SIDIS data set, the values of PT , while being safely low,
are sometimes close to Q and corrections to the TMD
factorisation scheme might be still relevant.
As a matter of fact, in order to describe the SIDIS cross
section over a wide region of PT (or, more appropriately, of
qT = PT /z) soft gluon resummation has to be performed.
This can be done, in the impact parameter bT space, using
for instance the Collins-Soper-Sterman (CSS) formalism
or the improved TMD framework of ref. [10]. However, its
successful implementation is affected by a number of prac-
tical difficulties: the strong influence of the kinematical de-
tails of the SIDIS process, the possible dependence on the
parameters used to model the non-perturbative content
of the SIDIS cross section, the complications introduced
by having to perform phenomenological studies in the bT
space, where the direct connection to the conjugate qT
space is lost. Then, a matching prescription has to be ap-
plied to achieve a reliable description of the SIDIS process
over the full qT range, going smoothly from the region of
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Fig. 5. dσNLO, dσASY , WNLL and the sum WNLL+Y corre-
sponding to the SIDIS kinematical configuration of the COM-
PASS experiment. Plot from Ref. [70].
applicability of resummation, or equivalently of the TMD
description, to the region of applicability of perturbative
QCD.
A very thorough study of the issues related to match-
ing the perturbative and non-perturbative contributions
in SIDIS processes was performed in Ref. [70]. To take
care of the non-perturbative content, in Ref. [70] the so-
called b∗ prescription was adopted in order to cure the
problem of the Landau pole in the perturbative expan-
sion, complementing it with the introduction of a properly
defined non-perturbative function. Studying the depen-
dence of the cross section on this non-perturbative con-
tribution and on the details of the b∗ prescription, i.e. on
bmax, it was found that some kinematical configurations,
similar to those of COMPASS or HERMES experiments
for example, are completely dominated by these features.
As a consequence, no matching can be achieved exploit-
ing the usual “Y-term prescription”, based on a smooth
switch from the dσNLO cross section, calculated pertur-
batively to NLO, to the next to leading logarithm (NLL)
resummed cross section WNLL through the so called Y-
term, defined as Y = dσNLO − dσASY , see Fig. 5. Notice
that, at large qT , dσ
ASY becomes negative and therefore
unphysical (we show the absolute value of the asymptotic
NLO cross section in Fig. 5 as a dashed, green line). Con-
sequently, the Y term can become much larger than the
NLO cross section in that region. This is because the Y
term, being calculated in perturbative QCD, does not in-
clude any non-perturbative content.
As the mismatch between WNLL and dσASY at qT ∼
Q is mainly due to the non-perturbative content of the
cross section, which turns out to be non-negligible, one
could experiment different and more elaborate matching
prescriptions, which take into account the non-perturbative
contributions to the total cross section. One could require,
for instance, that in a region of sizable qT
dσtotal = WNLL −WFXO + dσNLO , (14)
where WFXO is the NLL resummed cross section approx-
imated at first order in αs, with a first order expansion
of the Sudakov exponential. However, as it was shown in
Ref. [70], this method still presents several difficulties and
remains largely unsatisfactory. In order to find the origin
of these difficulties, Boglione et al. [70] studied in detail
the bT behavior of the perturbative Sudakov factor and
found that in a COMPASS-like kinematical configuration
the perturbative Sudakov exponential is larger than one,
i.e. unphysical, over most of the bT range. Therefore any
resummation scheme would be inadequate in this case,
and hardly applicable.
Indeed, being the non-perturbative details of such im-
portance to the description of the cross sections, a critical
re-examination of the definition and implementation of the
Y -term is needed.
We conclude that, at this stage, it is of crucial impor-
tance to have experimental data available in order to test
all the mechanisms developed in the resummation of soft
gluon emissions and study the non-perturbative aspects of
the nucleon. It is essential to have (and analyze) data from
HERA(
√
s = 300 GeV), Electron-Ion Collider (
√
s = 20 –
100 GeV), COMPASS (
√
s = 17 GeV), HERMES (
√
s = 7
GeV), and Jefferson Lab 12 (
√
s = 5 GeV). In particular,
it will be very important to study experimental data on
qT distributions that span from the region of low qT  Q
up to the region of qT ∼ Q.
2.2 Sivers Function
Among all TMDs the Sivers function, which describes the
number density of unpolarized quarks inside a transversely
polarized proton, has so far received the widest attention,
from both phenomenological and experimental points of
view.
The Sivers function f⊥1T is related to initial and final
state interactions and could not exist without the con-
tribution of the orbital angular momentum of partons to
the spin of the nucleon, to which it can be related, in
a model dependent way, through the so-called “lensing
function” [71]. As such it encodes the correlation between
the partonic intrinsic motion and the transverse spin of
the nucleon, and it generates a dipole deformation in mo-
mentum space: Fig. 6, taken from the EIC White Pa-
per [72], shows the density distribution of unpolarized up
and down quarks in a transversely polarized nucleon. For
an overview of studies on the parton orbital angular mo-
mentum we refer the reader to the contribution of Liu and
Lorce´ in this Topical Issue.
Over the years, the Sivers function has been extracted
from SIDIS data by several groups, with consistent re-
sults [73,74,75,76,77,78]. However, until very recently, all
phenomenological fits had been performed by using a sim-
plified version of the TMD factorization scheme, in which
the QCD scale dependence of the TMDs – which was un-
known – was either neglected or limited to the collinear
part of the unpolarized PDFs. While this might not be a
serious numerical problem when considering only experi-
mental data which cover limited ranges of low Q2 values, it
is not correct in principle, and taking into account the ap-
propriate Q2 evolution might be numerically relevant for
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predictions at higher Q2 values, like future electron-ion or
electron-nucleon colliders (EIC/ENC) and Drell-Yan ex-
periments.
Recently the issue of the QCD evolution of unpolar-
ized TMDs and of the Sivers function has been studied in
a series of papers [10,60,61,79,80] where a TMD factor-
ization framework has been worked out for the treatment
of SIDIS data and the extraction of polarized TMDs. The
main difficulty, here, is due to the fact that the TMD for-
malism originally developed to describe the Q2 evolution
of the unpolarized TMDs cannot be directly applied to the
spin dependent distribution functions, like the Sivers func-
tion [16], for which the collinear limit corresponds to twist-
3 Qui-Sterman function TF . Compared to the unpolarized
TMD evolution scheme, the extra aid of a phenomenolog-
ical input function is required: this input function embeds
the missing information on the evolved function, that, in
the case of the Sivers function, is both of perturbative and
non-perturbative nature.
The TMD Sivers distribution can be extracted by fit-
ting the HERMES and COMPASS SIDIS data on the
azimuthal moment A
sin(φh−φS)
UT . The relevant part of the
SIDIS cross-section for Sivers asymmetry reads:
d5σ(S⊥)
dxBdydzhd2PT
= σ0(xB , y,Q
2)
[
FUU +
sin(φh − φs) F sin(φh−φs)UT + ...
]
, (15)
where ST is transverse polarization, and φh, φS are the
azimuthal angles of the produced hadron and the polar-
ization vector. The spin structure function F
sin(φh−φS)
UT is
a convolution of the Sivers function f⊥1T with the unpolar-
ized FF Dh/q. The ellipsis in Eq. (15) denotes contribu-
tions from other spin structure functions.
The experimentally measured Sivers asymmetry is then
A
sin(φh−φS)
UT ≡ 〈2 sin(φh − φS)〉 ∼
f⊥1T ⊗Dh/q
fq/p ⊗Dh/q (16)
Fig. 7. Comparison between HERMES [82] and preliminary
COMPASS data [83] for the z and PT dependence of the Sivers
asymmetry. The solid line is the fit from Ref. [81]. The dashed
curve is the result of evolving to the COMPASS scale using the
TMD-evolution scheme of Ref. [61]. Plot from Ref. [62].
A first application of the new TMD evolution equa-
tions of Ref. [61] to some limited samples of the HERMES
and COMPASS data [62] was proposed by Aybat et al. in
Ref. [62]. There, it was explicitly shown that the evolution
of an existing fit of the Sivers SIDIS asymmetry [81] from
the average value 〈Q2〉 = 2.4 GeV2 (HERMES [82]) to
the average value of 〈Q2〉 = 3.8 GeV2 (COMPASS [83]),
proved to be reasonably compatible with the TMD evo-
lution equations of Ref. [61]. Their results are shown in
Fig. 7.
Shortly afterwards Anselmino, Boglione and Melis [63]
performed a complete best fit of the SIDIS Sivers asym-
metries taking into account the different Q2 values of each
data point and the Q2 dependence of the TMDs and com-
pared their results with a similar analysis performed with-
out the TMD evolution. By following Ref. [61], and denot-
ing by F˜ either the unpolarized parton distribution, the
unpolarized fragmentation function, or the first deriva-
tive, with respect to the parton impact parameter bT , of
the Sivers function, the QCD evolution of the TMDs in
the coordinate space can be written as
F˜ (x, bT ;Q) = F˜ (x, bT ;Q0)×
R˜(Q,Q0, bT ) exp
{
−gK(bT ) ln Q
Q0
}
, (17)
with
R˜(Q,Q0, bT ) ≡ exp
{
ln
Q
Q0
∫ µb
Q0
dµ′
µ′
γK(µ
′) +
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∫ Q
Q0
dµ
µ
γF
(
µ,
Q2
µ2
)}
(18)
and the anomalous dimensions γF and γK given by
γF (µ;
Q2
µ2
) = αs(µ)
CF
pi
(
3
2
− ln Q
2
µ2
)
γK(µ) = αs(µ)
2CF
pi
· (19)
The Q2 evolution is driven by the functions gK(bT ) and
R˜(Q,Q0, bT ). While the latter, Eq. (18), can be easily eval-
uated, numerically or even analytically, the former, is es-
sentially unknown and will need to be taken from inde-
pendent experimental inputs.
The explicit expression of the TMDs in the momentum
space, with the QCD Q2 dependence, can be obtained by
Fourier-transforming Eq. (17), obtaining [61]:
f̂q/p(x, k⊥;Q) =
1
2pi
∫ ∞
0
dbT bT J0(k⊥bT ) f˜q/p(x, bT ;Q)
(20)
D̂h/q(z, p⊥;Q) =
1
2pi
∫ ∞
0
dbT bT J0(kT bT ) D˜h/q(z, bT ;Q)
(21)
f̂⊥f1T (x, k⊥;Q) =
−1
2pik⊥
∫ ∞
0
dbT bT J1(k⊥bT )f˜
′ ⊥q
1T (x, bT ;Q),
(22)
where J0 and J1 are Bessel functions. f̂
⊥q
1T is the Sivers dis-
tribution defined, for unpolarized partons inside a trans-
versely polarized proton, as:
f̂q/p↑(x,k⊥,S;Q) =
= f̂q/p(x, k⊥;Q)− f̂⊥q1T (x, k⊥;Q)
ij k
i
⊥ S
j
Mp
= (23)
= f̂q/p(x, k⊥;Q) +
1
2
∆N f̂q/p↑(x, k⊥;Q)
ij k
i
⊥ S
j
k⊥
·(24)
The unknown functions inside Eq. (17), gK(bT ) and
F˜ (x, bT ;Q0), are then parameterized as
gK(bT ) =
1
2
g2 b
2
T (25)
f˜q/p(x, bT ;Q0) = fq/p(x,Q0) exp
{−α2 b2T} , (26)
where g2 is a parameter which should be extracted from
experimental data, while the value of α2 is fixed by re-
quiring the desired behavior of the distribution function
in the transverse momentum space at the initial scale Q0:
taking α2 = 〈k2⊥〉/4 one recovers
f̂q/p(x, k⊥;Q0) = fq/p(x,Q0)
1
pi〈k2⊥〉
e−k
2
⊥/〈k2⊥〉 , (27)
in agreement with Eq. (5).
Similar relations hold for the TMD FFs, with an ad-
ditional z2 factor.
Analogously, we parameterize the Sivers function at
the initial scale Q0 as
f˜ ′⊥1T (x, bT ;Q0) = −2 γ2 f⊥1T (x;Q0) bT e−γ
2 b2T , (28)
which, when Fourier-transformed according to Eq. (22),
yields:
f̂⊥1T (x, k⊥;Q0) = f
⊥
1T (x;Q0)
1
4pi γ2
e−k
2
⊥/4γ
2
. (29)
Eq. (29) agrees with the usual parameterization of the
Sivers function [78,81,84], at the initial scale Q0, taking:
4 γ2 ≡ 〈k2⊥〉S =
M21 〈k2⊥〉
M21 + 〈k2⊥〉
(30)
f⊥1T (x;Q0) = −
Mp
2M1
√
2e ∆Nfq/p↑(x,Q0)
〈k2⊥〉S
〈k2⊥〉
, (31)
where M1 is a mass parameter, Mp the proton mass and
∆Nfq/p↑(x,Q0) is the x-dependent term of the Sivers func-
tion, evaluated at the initial scale Q0 and written as [78,
81,84]:
∆Nfq/p↑(x,Q0) = 2Nq(x) fq/p(x,Q0) , (32)
where Nq(x) is a function of x, properly parameterized.
The final evolution equations of the unpolarized TMD
PDFs and TMD FFs, in the configuration space, are then
f˜q/p(x, bT ;Q) = fq/p(x,Q0) R˜(Q,Q0, bT ) ×
exp
{
−b2T
(
α2 +
g2
2
ln
Q
Q0
)}
(33)
D˜h/q(z, bT ;Q) =
1
z2
Dh/q(z,Q0) R˜(Q,Q0, bT ) ×
exp
{
−b2T
(
β2 +
g2
2
ln
Q
Q0
)}
, (34)
with α2 = 〈k2⊥〉/4, β2 = 〈p2⊥〉/(4z2), g2 given in Eq. (25)
and R˜(Q,Q0, bT ) in Eq. (18).
The evolution of the Sivers function is obtained through
its first derivative, inserting Eq. (28) into Eq. (17):
f˜ ′⊥1T (x, bT ;Q) = −2 γ2 f⊥1T (x;Q0) R˜(Q,Q0, bT ) ×
bT exp
{
−b2T
(
γ2 +
g2
2
ln
Q
Q0
)}
(35)
with γ2 and f⊥1T (x;Q0) given in Eqs. (30)-(32).
Eqs. (33)-(35) show that the Q2 evolution is controlled
by the logarithmicQ dependence of the bT Gaussian width,
together with the factor R˜(Q,Q0, bT ): for increasing val-
ues of Q2, they are responsible for the typical broadening
effect already observed in Refs. [60] and [61].
It is important to stress that although the structure of
Eq. (33) is general and holds over the whole range of bT
values, the input function F˜ (x, bT , Q0) is only designed
to work in the large-bT region, corresponding to low k⊥
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Fig. 8. The results obtained in Ref. [63] from the fit of the
SIDIS A
sin (φh−φS)
UT Sivers asymmetries applying TMD evolu-
tion (red, solid lines) are compared with the analogous re-
sults found by using DGLAP evolution equations (blue, dashed
lines). The experimental data are from HERMES [82] and
COMPASS [83] Collaborations.
values. Therefore, this formalism is perfectly suitable for
phenomenological applications in the kinematical region
we are interested in, but the parameterization of the input
function should be revised in the case one wishes to apply
it to a wider range of transverse momenta, like higher Q2
processes where perturbative corrections become impor-
tant, as discussed in Sect. 2.1
The results obtained in Ref. [63] are shown in Fig. 8.
They showed that the recently proposed Q2 TMD evolu-
tion scheme can already be observed in the available SIDIS
data on the Sivers asymmetry.
A definite statement resulting from this analysis is
that the best fit of all SIDIS data on the Sivers asymme-
try using TMD-evolution, when compared with the same
analysis performed with the simplified DGLAP-evolution,
exhibits a smaller value of the total χ2. Not only, but
when analyzing the partial contributions to the total χ2
value of the single subsets of data, one realizes that such
a smaller value mostly originates from the large Q2 COM-
PASS data, which are greatly affected by the TMD evo-
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Fig. 9. The TqF (x, x, µ) twist-three function as extracted in
Ref. [87].
lution. This is indeed an indication in favor of the TMD
evolution.
Later, an analogous phenomenological analysis, extend-
ed to Drell-Yan as well as SIDIS processes, was performed
by Sun and Yuan [85], using an alternative, approximated
form of the Sudakov form factor as proposed in Ref. [86].
Their study of TMD evolution effects in DY processes
showed that extracting the free parameters which regu-
late the variation of the k⊥ shape of the Sivers function
by fitting solely SIDIS experimental data, could induce a
strong dilution of the DY asymmetries. As usual, special
care should be used when blindly applying parameter val-
ues extracted from a process to a different one. In this case,
for example, it turns out that Sivers SIDIS asymmetries
are very little sensitive to the g2 parameter, which fixes
the Gaussian width of the gK function, see Eq. (25), while
the analogous asymmetries in DY are strongly affected by
small variation of the same parameter. We conclude that
global analyses, which include experimental data from as
many different process as possible, represent the only reli-
able strategies to reach the full picture of hadronic struc-
ture, including TMD evolution.
More recently, Echevarria et al. [87] have extracted
the Sivers function using a CSS evolution scheme, but
relating the first moment of the Sivers function to the
twist-three Qiu-Sterman quark-gluon correlation function,
TqF (x, x, µ) [88]. The knowledge of TqF (x, x, µ), i.e. the
“collinear counterpart” of the Sivers function will be very
important for the description of SSAs in pp scattering. The
TqF (x, x, µ) twist-three function, as extracted in Ref. [87],
is presented in Fig. 9.
It is interesting to point out, here, that the Sivers func-
tion measured in SIDIS should be directly related to the
twist-three Qiu-Sterman quark-gluon correlation function,
TqF (x, x, µ). It was noted, however, that the TF extracted
from SIDIS would give a single spin asymmetry AN , in
proton-proton scattering, with opposite sign with respect
to that observed in experiments [89]. This observation is
referred to as the “sign puzzle”. The attempts to solve this
puzzle by considering the fact that kinematical regions of
pp and SIDIS experiments are different, or by allowing
the Sivers function to change sign, as a function of trans-
verse momentum, did not result in a satisfactory solution
of the problem. The more complete twist-3 phenomenol-
ogy suggests [90] that fragmentation functions may play a
more important role and generate the asymmetries in pp.
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Future Drell-Yan experiments at COMPASS, RHIC and
Fermilab are going to reveal both the sign and the evolu-
tion of the Sivers function with respect to SIDIS measure-
ments. Dedicated studies of TMD phenomenology in DY
processes [91,92,93] will then become of crucial impor-
tance. Notice that the GPM model predicts the same sign
of Sivers function in DY and SIDIS, while analyses includ-
ing gauge links and TMD factorizations [21,94] suggests
that the sign will change in DY with respect to SIDIS.
The Gluon Sivers function will be important at EIC:
dedicated studies can be found for example in Ref. [95].
2.3 Collins Function and Transversity
The transversity distribution h1 is the only source of infor-
mation on the tensor charge of the nucleon and the Collins
FF H⊥1 decodes the fundamental correlation between the
transverse spin of a fragmenting quark and the transverse
momentum of the final produced hadron.
The Collins fragmentation function can be studied in
SIDIS experiments, where it appears convoluted with the
transversity distribution, and where, being dependent on
the hadronic intrinsic transverse momentum, it induces a
typical azimuthal modulation, the Collins asymmetry. It
can also induce azimuthal angular correlations between
hadrons produced in opposite jets in e+e− annihilations:
here two of such functions, corresponding to the two fi-
nal hadrons, appear convoluted. Consequently, a simulta-
neous analysis of SIDIS and e+e− data allows the com-
bined extraction of the transversity distribution and the
Collins fragmentation functions [48,49,53]. Notice that
this is made possible by the universality of fragmentation
functions, soft factors, and parton densities between e+e−
annihilation, semi-inclusive deep-inelastic scattering and
the Drell-Yan process, which was proven in Refs. [96,97].
Recently, new data on the e+e− → h1 h2X process
have been published by the BaBar Collaboration, focus-
ing on their z and p⊥ dependence [52]. It is the first direct
measurement of the transverse momentum dependence of
an asymmetry, in e+e− processes, related to TMD func-
tions. Moreover, the newest results from BESIII [98], at
much lower Q2 values with respect to Belle and BaBar
data, allow to explore the sensitivity of these azimuthal
correlations on Q2 dependent effects. A review of the ex-
perimental measurements involving the TMD fragmenta-
tion functions can be found in the contribution of Garzia
and Giordano in this Topical Issue.
As mentioned in Sect. 1, work along these lines has
been and is being done by several groups [53,54,55,56].
Here we will briefly report on the main achievements in the
phenomenological extraction of the Collins and transver-
sity functions and on their TMD evolution properties.
Collins asymmetries in SIDIS are generated by the con-
volution of the transversity function ∆T q or h1 and the
Collins TMD FF ∆NDh/q↑ or H
⊥
1 . The Torino and Am-
sterdam group notations for the Collins function, are re-
lated by [99]
∆NDh/q↑(z, p⊥) = (2 p⊥/z mh)H
⊥q
1 (z, p⊥) . (36)
Fig. 10. Kinematical configuration and conventions for e+e−
processes.
The relevant contributions to the SIDIS cross-sections are
d5σ(S⊥)
dxBdydzhd2Ph⊥
= σ0(xB , y,Q
2)
[
FUU +
sin(φh + φs)
2(1− y)
1 + (1− y)2 F
sin(φh+φs)
UT + ...
]
. (37)
The polarized structure function F
sin(φh+φs)
UT contains the
convolution of transversity with the Collins function, h1⊗
H⊥1 . The Collins FFs generate azimuthal asymmetries in
e+e−, where TMD factorization is appropriate, and read [100,
101]
d5σe
+e−→h1h2+X
dzh1dzh2d2Ph⊥d cos θ
=
Ncpiα
2
em
2Q2
[ (
1 + cos2 θ
)
Zh1h2uu +
sin2 θ cos(2φ0)Z
h1h2
collins
]
(38)
where θ is the polar angle between the hadron h2 and
the beam of e+e−, φ0 is defined as the azimuthal angle of
hadron h1 relative to that of hadron h2, i.e. of the plane
containing hadrons h1 and h2 relative to the plane contain-
ing hadron h2 and the lepton pair (see Fig. 10), and Ph⊥
is the transverse momentum of hadron h1 in this frame.
The polarized structure function Zh1h2collins contains the con-
volution of two Collins functions, H⊥1 ⊗H⊥1 .
Two methods have been adopted in the experimental
analysis of the Belle and BaBar data [50,52]:
– the “thrust-axis method” where the jet thrust axis,
in the e+e− c.m. frame, fixes the zˆ direction and the
e+e− → q q¯ scattering defines the x̂z plane; ϕ1 and ϕ2
are the azimuthal angles of the two hadrons around
the thrust axis, while θ is the angle between the lepton
direction and the thrust axis
– the “hadronic-plane method”, in which one of the pro-
duced hadrons (h2 in our case) identifies the zˆ direction
and the x̂z plane is determined by the lepton and the
h2 directions; the other relevant plane is determined
by zˆ and the direction of the other observed hadron,
h1, at an angle φ1 with respect to the x̂z plane. Here
θ2 is the angle between h2 and the e
+e− direction.
In this paper we will only discuss results obtained in
the latter. In this reference frame, the elementary process
e+e− → q q¯ does not occur in the x̂z plane, and thus the
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helicity scattering amplitudes involve an azimuthal phase
ϕ2. Ratios of unlike/like and unlike/charged are built in
order to avoid false asymmetries:
RU0
R
L(C)
0
= 1 + cos(2φ0)A
UL(C)
0 , (39)
which can then be directly compared to the experimental
measurements. All details and definitions can be found in
Ref. [56], which we will follow here.
For the unpolarised parton distribution and fragmen-
tation functions the factorized forms of Eqs. (5) and (6)
are assumed. For the transversity distribution,∆T q(x, k⊥),
and the Collins FF, ∆NDh/q↑(z, p⊥), similar factorized
shapes [48] are adopted:
∆T q(x, k⊥;Q2)=∆T q(x,Q2)
e−k
2
⊥/〈k2⊥〉T
pi〈k2⊥〉T
, (40)
∆NDh/q↑(z, p⊥;Q
2)= ∆˜NDh/q↑(z,Q
2) h(p⊥)
e−p
2
⊥/〈p2⊥〉
pi〈p2⊥〉
,
(41)
where ∆T q(x) is the integrated transversity distribution
and ∆˜NDh/q↑(z) is the z-dependent part of the Collins
function. In order to easily implement the proper positiv-
ity bounds, these functions are written, at the initial scale
Q20, as [48]
∆T q(x,Q
2
0) = N Tq (x,Q20)
1
2
[fq/p(x,Q
2
0) +∆q(x,Q
2
0)]
(42)
∆˜NDh/q↑(z,Q
2
0) = 2NCq (z,Q20)Dh/q(z,Q20) . (43)
They are then evolved up to the proper value of Q2. In
Ref. [56], for∆T q(x,Q
2) we employ a transversity DGLAP
kernel and the evolution is performed by an appropri-
ately modified Hoppet code [102]; for the Collins func-
tion, Anselmino et al. assumed that the only scale de-
pendence is contained in D(z,Q2), which is evolved with
an unpolarised DGLAP kernel, while NCq does not evolve
with Q2. This is equivalent to assuming that the ratio
∆˜ND(z,Q2)/D(z,Q2) is constant in Q2. The function
h(p⊥), defined as [48]
h(p⊥) =
√
2e
p⊥
MC
e−p
2
⊥/M
2
C , (44)
allows for a possible modification of the p⊥ Gaussian width
of the Collins function with respect to the unpolarised FF;
for the TMD transversity distribution, instead, we assume
the same Gaussian width as for the unpolarised TMD,
〈k2⊥〉T = 〈k2⊥〉. In Ref. [56] a simplified model which im-
plies no Q2 dependence in the p⊥ distribution is used. We
will compare the results obtained using this approxima-
tion with those presented in Ref. [103] using a NLL TMD
evolution scheme for the Collins function.
N Tq (x) is parameterized as
N Tq (x) = NTq xα(1− x)β (α+ β)
α+β
ααββ
(q = uv, dv)
(45)
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Fig. 11. The experimental data on the azimuthal correlations
AUC0 as functions of P1T in e
+e− → h1 h2X processes, as mea-
sured by the BaBar Collaboration [52], are compared to the
curves obtained from a GPM model in Ref. [56] (left panel)
and using NLL TMD evolution in Ref. [103] (rightt panel).
The shaded areas correspond to the statistical uncertainty on
the model parameters.
where −1 ≤ NTq ≤ +1, α and β are free parameters of the
fit. Thus, the transversity distributions depend on a total
of 4 parameters (NTuv , N
T
dv
, α, β). The Collins function, is
distinguished in favoured and disfavoured contributions,
parameterised as
NCfav(z) = NCfav zγ(1− z)δ
(γ + δ)γ+δ
γγδδ
, NCdis(z) = NCdis .
(46)
where −1 ≤ NCfav/dis ≤ +1, γ and δ are free parameters of
the fit.
A best fit of the data on A
sin(φh+φS)
UT (HERMES and
COMPASS) and of the data on AUL,C0 (Belle and BaBar)
is then performed. It turns out to be a fit of excellent
quality, with a total χ2d.o.f. = 0.84, equally good for SIDIS
and e+e− data.
Let’s focus on the new BaBar measurements of AUL0
and AUC0 asymmetries as functions of P1T (pt0 in the nota-
tion used by the BaBar Collaboration). Fig. 11 shows our
best fit of the BaBar AUL0 and A
UC
0 asymmetries as func-
tions of P1T . These data offer the first direct insight of the
dependence of the Collins function on the parton intrin-
sic transverse momentum: in fact, global fits now deliver
a more precise determination of the Gaussian width of
the Collins function (through the MC parameter), which
in previous fits was affected by a very large uncertainty.
Fig. 11 shows the best fit of the BaBar AUL0 and A
UC
0
asymmetries as functions of P1T , as obtained in Ref. [56].
All details on the analysis and the values of the extracted
parameters can be found there.
As shown in the left panel of Fig. 12, the u and d quark
transversity functions extracted in Ref. [56] are compat-
ible with the previous extractions [48,49,53], and with
those obtained by a similar procedure, but involving the
di-hadron fragmentation functions instead of the Collins
function [57,58,59]. While the u valence transversity dis-
tribution has a clear trend, the d valence transversity still
shows large uncertainties. Instead, the newly extracted
Collins functions look different from those obtained in our
previous analyses: this is mainly due to the fact that a dif-
ferent parameterisation for the disfavoured Collins func-
tion was exploited. This study indicates that the actual
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Fig. 12. Comparison of the best fit results obtained by
Anselmino et al. in Ref. [56] (red, solid lines) for the valence
u and d quark transversity distributions (left panel) and for
the lowest p⊥ moment of the favoured and disfavoured Collins
functions (right panel), at Q2 = 2.4 GeV2, with those from
their previous analysis [53] (blue, dashed lines).
shape of the disfavored Collins function is still largely
unconstrained by data. About the p⊥ dependence of the
Collins function, we have already mentioned that its Gaus-
sian width can now be determined with remarkable preci-
sion. However, this extraction is still subject to a number
of initial assumptions: a Gaussian shape for the TMDs, a
complete separation between transverse and longitudinal
degrees of freedom, a Gaussian width of the unpolarised
TMD–FFs fixed solely by SIDIS data. Hopefully, higher
statistics and higher precision multidimensional data, for
asymmetries and unpolarised multiplicities, will help clar-
ifying the picture.
The first extraction of the transversity distribution and
Collins fragmentation functions with TMD evolution was
performed in Ref. [103]. It was demonstrated that the
TMD evolution can describe the experimental data and
constrain the nucleon tensor charge with improved theo-
retical accuracy. To achieve that, the most recent develop-
ments from both theory and phenomenology sides [10,104,
105,106,79,107,108,87,109,69] were used, and the TMD
evolution at NLL order within the Collins-Soper-Sterman
(CSS) [8,9] formalism was applied to the data.
Applying the TMD evolution, FUU and FUT can be
written as [8,9,110,106]
FUU =
1
z2h
∫
db b
2pi
J0
(
Ph⊥b
zh
)
e−SPT(Q,b∗)−S
(SIDIS)
NP
(Q,b)
× Cq←i ⊗ f i1(xB , µb) Cˆ(SIDIS)j←q ⊗ Dˆh/j(zh, µb),
(47)
FUT = − 1
2z3h
∫
db b2
2pi
J1
(
Ph⊥b
zh
)
e−SPT(Q,b∗)−S
(SIDIS)
NP coll
(Q,b)
× δCq←i ⊗ hi1(xB , µb) δCˆ(SIDIS)j←q ⊗ Hˆ(3)h/j(zh, µb),
(48)
where b is the Fourier conjugate variable to the measured
final hadron momentum Ph⊥, J1 is the Bessel function,
µb = c0/b∗ with c0 ' 1.12, and the symbol ⊗ represents
the usual convolution in momentum fractions. The sum
over quark flavors q weighted with quark charge,
∑
q e
2
q,
)2
(x,
Q
1
x
 h
u
d
x
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Fig. 13. Transversity distribution for up and down quarks
comparison of extraction in Ref. [103] and [53]. The band cor-
responds to the uncertainty of the extraction.
and the sum over i, j = q, q¯, g, are implicit in all formu-
las for the structure functions. C, Cˆ and δC, δCˆ are the
coefficient functions for the unpolarized distribution and
fragmentation functions, and for transversity and Collins
FF, that can be calculated perturbatively.
The usual b∗-prescription was used in Ref. [103] and
non perturbative factors were introduced S
(SIDIS)
NP and S
(SIDIS)
NP coll
that contain information on the initial conditions of evo-
lution. The Collins fragmentation function [18] enters as
a p⊥ moment [104],
Hˆ
(3)
h/q(zh) =
∫
d2p⊥
|p2⊥|
Mh
H⊥1h/q(zh, p⊥) , (49)
where H⊥1h/q(zh, p⊥) is the quark Collins function defined
in [104], and differs by a factor (−1/zh) from the so-called
“Trento convention” [99],
H⊥1h/j(zh, p⊥) = −
1
zh
H⊥1h/j(zh, p⊥)|Trento, (50)
with p⊥ the transverse component of the hadron with re-
spect to the fragmenting quark momentum.
Three important ingredients have to be included to
achieve the NLL formalism for the above structure func-
tions and asymmetries. First of all, the perturbative Su-
dakov form factor [111],
SPT(Q, b∗) =
∫ Q2
µ2
b
dµ2
µ2
[
A ln
Q2
µ2
+B
]
, (51)
with perturbative coefficients A(1,2) ∼ α(1,2)s and B(1) ∼
α1s [112,111]. Then, the scale evolutions of the quark trans-
versity distribution and of the Collins fragmentation func-
tions up to the scale of µb.
The global fit of SIDIS and e+e− was performed and
resulted in the total χ2/nd.o.f = 0.88, equally good for
SIDIS and e+e− data.A plot showing the results obtained
in Ref. [103] is presented in Fig. 11 (left panel), where they
are compared with the results obtained in Ref. [56]. It is
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Fig. 14. Predictions using results of Ref. [54,103] and com-
parison to AUC0 (upper panel) and A
UL
0 (bottom panel) asym-
metries measured by the BESIII collaboration [98] at Q2 = 13
GeV2. Plot from Ref. [98]
very interesting to notice the strong similarity between the
two curves obtained with and without evolution. As the
asymmetries measured by BaBar and Belle are actually
double ratios, this similarity might be an indication of
possible cancellations of strong evolution effects between
numerators and denominators.
Fig. 13 shows the comparison of the results from [103]
and [53]. The right panel of Fig. 13 shows the predictions
for future measurements at an EIC.
The BESIII Collaboration has recently measured the
cos 2φ0 asymmetries observed by BaBar and Belle, but at
the lower energy
√
s = Q = 3.65 GeV [98], see Fig. 14.
Their low Q2 values, as compared with Belle and BaBar
experiments, might help in assessing the importance of
TMD evolution effects. It is therefore important to check
how a model in which the Q2 dependence of the TMD
Gaussian width is not included [56] can describe these new
sets of measurements, and compare these results with the
description obtained by using a TMD evolution scheme [103].
In Fig. 15 the solid, black circles represent the AUC0 and
AUL0 asymmetries measured by the BESIII Collaboration
at Q2 = 13 GeV2, in bins of (z1, z2), while the solid blue
circles (with their relative bands) correspond to the pre-
dictions obtained by using the results of Ref. [56]. These
asymmetries are well reproduced at small z1 and z2, where
we expect our model to work, while they are underesti-
mated at very large values of either z1 or z2, or both. No-
tice that the values of z1, z2 in the last bins are very large
for an experiment with
√
s = 3.65 GeV: such data points
might be affected by exclusive production contributions,
and other effects. Fig. 14 shows the predictions for the
BESIII asymmetries obtained in Ref. [103], evolving the
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Fig. 15. The solid, black circles represent the AUC0 (left panel)
and AUL0 (right panel) asymmetries measured by the BESIII
collaboration [98] at Q2 = 13 GeV2, in bins of (z1, z2), while
the solid blue circles (with their relative bands) correspond to
the predictions obtained by using the Collins functions from
our alternative fit.
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Fig. 16. Transversity distribution h1 (left panel) and Collins
fragmentation function H⊥1 (right panel) at three different
scales Q2 = 2.4, 10, 1000 GeV2 (solid, dotted, and dashed
lines). The plots are from Ref. [103]
Collins function with a TMD equations. As in the previ-
ous case, there is a striking similarity with the predictions
obtained in Ref. [56] with no TMD evolution (which gives
almost identical asymmetries for different Q2.
The transversity distribution and the Collins FF, as
extracted in Ref. [103], are shown in Fig. 16 as function
of k⊥ and p⊥ at three different Q2 scales. The typical
broadening dilution of the curves as Q2 increases is clearly
visible. Note that Ref. [103] obtained quite slow a TMD
evolution in the low Q2 range by re-extracting the appro-
priate non perturbative kernel of TMD evolution for the
data.
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At this stage, it is quite difficult to draw any clear-cut
conclusion: despite the sizeable difference in Q2 among the
different sets of e+e− data differences among the measured
BESIII and BaBar-Belle asymmetries are mild and can be
explained by the different kinematical configurations and
cuts. Predictions obtained with and without TMD evo-
lution are both in qualitatively good agreement with the
present BESIII measurements, indicating that the data
themselves do not show strong sensitivity to the Q2 de-
pendence in the transverse momentum distribution.
Effects of TMD evolution in e+e− annihilation into
hadrons were recently studied in Ref [55].
2.4 Boer-Mulders function
The Boer-Mulder function [113], ∆fq↑/p or h
⊥
1 in the To-
rino or Amsterdam notation respectively, measures the
transverse polarization asymmetry of quarks inside an un-
polarized nucleon. It can be extracted by analyzing the
cosφ and cos 2φ azimuthal modulations that appear in the
unpolarized SIDIS cross section, see Eq. (1). The structure
function associated with the cosφ modulation turns out to
be of order 1/Q.Neglecting the dynamical twist-3 contri-
butions (the so-called “tilde” TMD functions, which arise
from quark-gluon correlations), F cosφUU can be written as
the sum of two terms
F cosφUU = F
cosφ
UU
∣∣∣
Cahn
+ F cosφUU
∣∣∣
BM
, (52)
with (h ≡ P T /|P T |)
F cosφUU
∣∣∣
Cahn
=
−2
∑
q
e2qx
∫
d2k⊥
(k⊥ · h)
Q
fq(x, k⊥)Dq(z, p⊥),
(53)
F cosφUU
∣∣∣
BM
=∑
q
e2qx
∫
d2k⊥
k⊥
Q
PT − z(k⊥ · h)
k⊥
⊗
∆fq↑/p(x, k⊥)∆Dh/q↑(z, p⊥). (54)
Eq. (53) is the Cahn term, which accounts for the non-
collinear kinematics of quarks in the elementary subpro-
cess `q → `′q′. Eq. (54) is the Boer–Mulders contribution,
arising from the correlation between the transverse spin
and the transverse momentum of quarks inside the unpo-
larized proton. In this term the Boer–Mulders distribu-
tion function ∆fq↑/p couples to the Collins fragmentation
function ∆Dh/q↑ . The relations between these functions,
as defined in the present paper, and the corresponding
quantities in the Amsterdam notation is
∆fq↑/p(x, k⊥) = −
k⊥
Mp
h⊥1 (x, k⊥), (55)
∆Dh/q↑(z, p⊥) =
2 p⊥
zMh
H⊥1 (z, p⊥), (56)
where Mp and Mh are the masses of the proton and of the
final hadron, respectively. The Boer–Mulders effect is also
responsible of the cos 2φ modulation of the cross section,
giving a leading–twist contribution (that is, unsuppressed
in Q), which has the form
F cos 2φUU
∣∣∣
BM
=
−
∑
q
e2qx
∫
d2k⊥
PT (k⊥ · h) + zh
[
k2⊥ − 2(k⊥ · h)2
]
2 k⊥p⊥
×∆fq↑/p(x, k⊥)∆Dh/q↑(z, p⊥). (57)
The cosφ and cos 2φ asymmetries are given, in terms of
the structure functions, by
Acosφ =
2(2− y)√1− y
[1 + (1− y)2]
F cosφUU
FUU
, (58)
Acos 2φ =
2(1− y)
[1 + (1− y)2]
F cos 2φUU
FUU
. (59)
Up to order 1/Q, 〈cosφ〉 receives contributions from the
Cahn and the Boer-Mulders effect, while 〈cos 2φ〉 is pro-
portional to the sole Boer-Mulders effect:
Acosφ = Acosφ
∣∣
Cahn
+ Acosφ
∣∣
BM
Acos 2φ = Acos 2φ
∣∣
BM
A few years ago, these azimuthal asymmetries in unpo-
larized SIDIS were measured by the COMPASS and HER-
MES Collaborations for positive and negative hadrons,
and presented as one-dimensional projections, with all vari-
ables (xB , zh, Q
2, PT ) but one integrated over [114,115,
116]. The one-dimensional data on the cos 2φ asymme-
try were analyzed in Ref. [117], where it was shown that
the larger asymmetry for pi−(h−) production, compared to
pi+(h+), was an indication of the existence of a non-zero
Boer-Mulders effect, in agreement with the earlier pre-
dictions of Ref. [118]. Moreover, the analysis of Ref. [117]
revealed that both up and down-quark Boer-Mulders func-
tions are negative, see Fig. 17, consistently with various
theoretical expectations (impact-parameter approach [119],
lattice results [120], large-Nc predictions [121] and model
calculations [122,123,124]. It was also pointed out that
measurements at different values of Q2 were essential, in
order to disentangle higher-twist contributions from the
twist-two Boer-Mulder term.
The HERMES and COMPASS Collaborations have re-
cently provided multidimensional data in bins of xB , zh,
Q2 and PT for the multiplicities [40,41] and for the az-
imuthal asymmetries [39,44]. A study of the SIDIS az-
imuthal moments 〈cosφ〉 and 〈cos 2φ〉was presented by Ba-
rone et al. in Ref. [45], in order to understand the role of
the Cahn effect and to extract the Boer-Mulders function,
which was parameterized as follows
∆fq↑/p(x, k⊥) = ∆fq↑/p(x)
√
2e
k⊥
MBM
e−k
2
⊥/〈k2⊥〉BM
pi〈k2⊥〉
,
(60)
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Fig. 17. First moment of the Boer-Mulders distribution for
up and down-quarks (left panel) and for anti-up and anti-down
quarks (right panel) at Q2 = 2.4 GeV2. These plots are from
Refs. [117,125].
with
∆fq↑/p(x) = Nq fq/p(x), (61)
and
〈k2⊥〉BM =
〈k2⊥〉M2BM
〈k2⊥〉+M2BM
· (62)
Nq and MBM are free parameters to be determined by the
fit. For the favored and the disfavored components of the
Collins function, the parameters are fixed to the values
obtained in a recent fit of the Collins asymmetries in SIDIS
and e+e− annihilation [53], as described in Sect. 2.3.
FUU and the Cahn contribution to 〈cosφ〉 involve only
the unpolarized TMD distribution and fragmentation func-
tions fq/p(x, k⊥) and Dh/q(z, p⊥). These functions have
been recently extracted in Ref. [43], as described Sect. 2.1.
There it was observed that, since the multiplicities are
sensitive only to the combination 〈P 2T 〉 = z2h〈k2⊥〉 + 〈p2⊥〉,
Eq. (7), they cannot distinguish 〈k2⊥〉 from 〈p2⊥〉. Instead,
the azimuthal asymmetries involve 〈k2⊥〉 and 〈p2⊥〉 sepa-
rately, and are sensitive to a zh-dependent 〈p2⊥〉. There-
fore, in principle, by fitting simultaneously the multiplic-
ities and the cosφ and cos 2φ asymmetries one should be
able to extract the separate values of 〈k2⊥〉 and 〈p2⊥〉.
Unfortunately, the analysis of Ref. [45] shows that,
due to the huge contribution of the Cahn effect, the re-
cent COMPASS and HERMES multidimensional data can
only be reproduced by a very small value of 〈k2⊥〉, namely
0.03-0.04 GeV2. This means that most of the transverse
momentum of the outgoing hadron is due to the fragmen-
tation, which must be described by a function with a z-
dependent width. This result, mainly driven by 〈cosφ〉 ,
could be modified by the presence of further twist–3 terms,
which might not be negligible due to the relevance of the
small-Q2 region in the present measurements.
A somehow disappointing output of this fits is the inde-
terminacy on the extraction of the Boer–Mulders function,
which seems to play a minor role in the asymmetries. This
is seen in particular from 〈cos 2φ〉 , which is entirely deter-
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Fig. 18. Best fit curves for 〈cosφ〉 obtained by fitting COM-
PASS multiplicities, 〈cosφ〉 and 〈cos 2φ〉 data. The Cahn effect
in 〈cos 2φ〉 has been set to zero. Plot from Ref. [45].
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Fig. 19. Best fit curves for 〈cos 2φ〉 obtained by fitting COM-
PASS multiplicities, 〈cosφ〉 and 〈cos 2φ〉 data. The Cahn effect
in 〈cos 2φ〉 has been set to zero. Plot from Ref. [45].
mined by the Boer–Mulders contribution but appears to
be, within large errors, compatible with zero.
On the other hand, the integrated 〈cos 2φ〉data [44]
show a non vanishing asymmetry, especially when plotted
against z. The asymmetry is positive for pi+ and negative
for pi−, as expected from the Boer–Mulders effect [118].
Also the integrated data on 〈cosφ〉 show a different asym-
metry for pi+ and pi− (negative in the first case, positive
in the other): this indicates a flavor dependence which
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can only be achieved with a non-zero Boer-Mulders effect
since, within a flavor–independent Gaussian model with
factorized x and k⊥ dependences, the Cahn effect is fla-
vor blind and can only generate identical contributions for
positively or negatively charged pions. However, the sign
of the u and d Boer-Mulders functions required for a suc-
cessful description of 〈cos 2φ〉 appears to be incompatible
with those required to generate the appropriate difference
between pi+ and pi− in the 〈cosφ〉 azimuthal moment. Un-
fortunately, not even a more refined model with flavor
dependent Gaussian widths can help, given the precision
of the current experimental data.
One should not forget about the existence of other
higher-twist effects that could combine with the Boer–
Mulders term and alter the simple picture considered here.
In order to disentangle these contributions, it might be
useful to integrate the asymmetry data on restricted kine-
matical ranges,as suggested in Ref. [126], so as to avoid the
low-Q2 region and meet the requirements of TMD factor-
ization. Analyzing properly integrated data could help to
clarify the origin of azimuthal asymmetries and possibly
to get more information on the Boer-Mulders function.
The Boer-Mulders functions also generate the cos(2φh)
asymmetry in Drell-Yan processes: this asymmetry is pro-
portional to the convolution of the Boer-Mulders func-
tions for quark and for anti-quark h⊥1 ⊗ h¯⊥1 . In Ref. [125]
the anti-quark Boer-Mulders distributions were extracted
using the E866/NuSea measure ments of pp and pD un-
polarized DY [127,128]. Possible effects of TMD evolution
were also studied in Ref. [125], by varying the width of the
functions. (solid red and dashed blue curves in Fig. 17).
Future developments will involve studies of the Boer-
Mulders functions including TMD evolution effects.
2.5 Pretzelosity
The pretzelosity distribution function h⊥1T [129] describes
transversely polarized quarks inside a transversely polar-
ized nucleon.
The part of the SIDIS cross section we are interested
in reads [130,131,84]:
d5σ(S⊥)
dxBdydzhd2Ph⊥
= σ0(xB , y,Q
2)
[
FUU +
sin(3φh − φs) 2(1− y)
1 + (1− y)2 F
sin(3φh−φs)
UT + ...
]
, (63)
where the spin structure function F
sin(3φh−φS)
UT contains
the convolution of pretzelosity h⊥1T and the Collins FF
H⊥1 .
Pretzelosity is the only TMD distribution that gives
a quadrupole modulation of the parton densities in the
momentum space, as shown in Fig. 21.
The measured asymmetry in SIDIS contains the con-
volution of pretzelosity h⊥1T and the Collins FF H
⊥
1 :
A
sin(3φh−φS)
UT ≡ 〈2 sin(3φh − φS)〉 ∼
h⊥1T ⊗H⊥1
f1 ⊗D1 . (64)
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Fig. 20. Tomographic slice of the pretzelosity distribution at
x = 0.1 for up and down quarks. The plot is from Ref. [129]
Fig. 21. First moment of the pretzelosity distribution for up
(left panel) and down (right panel) quarks at Q2 = 2.4 GeV2.
The plot is from Ref. [129]
Notice that the knowledge of the Collins FF is needed
for the extraction of pretzelosity. h⊥1T was extracted in
Ref. [129]: the results are shown in Fig. 21. Notice that
the current knowledge of pretzelosity is very poor due to
the suppression of this asymmetry by kinematical factors.
Future data from Jefferson Lab will be crucial for the phe-
nomenology of h⊥1T .
In a vast class of models with spherically symmetric
nucleon wave function in the rest frame, the pretzelosity
distribution is related to the orbital angular momentum
of quarks by the following relation
Laz = −
∫
dx d2k⊥
k2⊥
2M2
h⊥a1T (x, k
2
⊥) = −
∫
dx h
⊥(1)a
1T (x) .
(65)
Even though the relation of Eq. 65 is indeed model depen-
dent, it is interesting to explore it to gain more information
on this effect.
2.6 Future
In the last few decades it was realized that a simple colli-
near picture of the nucleon, with partons that move along
the direction of motion of the nucleon itself, and encode
parton dynamics into the parton distribution and frag-
mentation functions, is not sufficient to explain all phe-
nomena associated with the nucleon’s structure. The ex-
planation of large Spin Asymmetries, early observed in
hadronic reactions and later in SIDIS and in e+e− anni-
hilation processes, requires taking into account the trans-
verse motion of partons with respect to the parent nucleon
motion. This leads to the exploration of the three dimen-
sional structure of the nucleon, which brings our knowl-
edge of nuclear structure to a new and deeper level.
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Correlations between spin and partonic intrinsic trans-
verse momentum are encoded in the TMDs, transverse
momentum dependent structure functions which play a
fundamental role in unraveling the non-perturbative as-
pects of the hadronic structure of matter.
Having reviewed the state-of-the-art of TMD phenome-
nology, we give a brief summary of the forthcoming events
which are presently foreseen in this field.
With HERMES data analyses being officially closed,
and the COMPASS experiment entering phase 2, with the
DY program, the flow of novel SIDIS data will rely on the
last analyses and re-analysis of COMPASS data now on
tape (2010-2012 data takings) and on the upgrade of the
Jefferson Lab experiments from 6 to 12 GeV.
The Jefferson Lab 12 GeV program is going to ex-
plore the region of relatively high-x dominated by valence
quarks. The description of the data will require a very
good understanding of the non perturbative effects and
of the kinematical corrections, such as phase space limi-
tations and target mass corrections. Clearly, phenomeno-
logical studies of the non-perturbative TMD functions will
be very important for the description of Jefferson Lab new
data.
RHIC [23], COMPASS [22] and Fermilab [24] will pro-
vide data on polarized Drell-Yan and one will be able
to incorporate these data in global analyses and inves-
tigate issues like the change of sign of the Sivers func-
tion [21], the flavour dependence of TMDs and eventual
flavour asymmetries in the light quark sea. In particular,
data on proton-proton scattering asymmetries from RHIC
will be very important for TMD and twist-3 phenomenol-
ogy [23,90]. The “sign” puzzle [89] will most probably be
solved in future.
Future Electron Ion Collider will explore the region
dominated by sea quarks and gluons and the data will
provide a unique opportunity to study both sea quark and
gluon TMDs and to study the evolution of asymmetries
and TMDs [72]. For a detailed report on the future of
TMDs (and GPDs) we refer the reader to the contribution
of R. Ent to this Topical issue.
Finally, the Large Hadron Collider is going to provide
an unprecedented amount of data relevant to three di-
mensional nucleon structure studies. Both gluon TMDs
and quark TMDs will be important for LHC studies.
Combined studies from all facilities will result in the
ultimate understanding of the mechanisms and the ori-
gin of spin asymmetries and will lead to a more profound
knowledge of the origin of spin and the 3D nucleon struc-
ture.
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